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APPROXIMATION BY HOLDER FUNCTIONS IN BESOV AND 
TRIEBEL-LIZORKIN SPACES 

TONI HEIKKINEN AND HELI TUOMINEN 


Abstract. In this paper, we show that Besov and Triebel-Lizorkin functions 
can be approximated by a Holder continuous function both in the Lusin sense 
and in norm. The results are proven in metric measure spaces for Hajlasz-Besov 
and Hajlasz-Triebel-Lizorkin functions defined by a pointwise inequality. We also 
prove new inequalities for medians, including a Poincare type inequality, which we 
use in the proof of the main result. 


1. Introduction 

By the classical Lusin theorem, each measurable function is continuous in a com¬ 
plement of a set of arbitrary small measure. For more regular functions, stronger 
versions of approximation results hold - the complement of the set where the func¬ 
tion is not regular is smaller and is measured by a suitable capacity or a Hausdorff 
type content and the approximation can also be done in norm. This type of approx¬ 
imation by Holder continuous functions for Sobolev functions was proven in |2S] by 
Maly, who showed that each function u G coincides with a Holder contin¬ 

uous function, that is close to u in Sobolev norm, outside a set of small capacity. 
The result was strengthened by Bojarski, Hajlasz and Strzelecki in |1], where they 
also discuss about the history of the problem. For approximation results for Sobolev 
spaces, see also I2g, izg, PI, m and the references therein. 

In the metric setting, approximation in Sobolev spaces p > 1, by Holder 

continuous functions both in the Lusin sense, with the exceptional set measured 
using a Hausdorff content, and in norm, was studied by Hajlasz and Kinnunen in 
[T^ . The proof uses pointwise estimates, fractional sharp maximal functions and 
Whitney type smoothing. For the case p = 1, see [20] and for fractional spaces, [22] . 

In this paper, we study a similar approximation problem by Holder continu¬ 
ous functions in Besov and Triebel-Lizorkin spaces in a metric measure space X 
equipped with a doubling measure. We also assume that all spheres in X are 
nonempty. In the Euclidean case, Lusin type approximation in Besov and Triebel- 
Lizorkin spaces, and actually in more general spaces given by abstract dehnitions, 
has been done by Hedberg and Netrusov in [Tl[, see also [27] (without a proof). 
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We prove the results for Hajlasz-Besov spaces iVp g(X) and Hajlasz-Triebel- 
Lizorkin spaces Mp^{X) which were recently introduced by Koskela, Yang and Zhou 
in [22] and studied for example in [9], [IT] and [15]. This metric space approach is 
based on Hajlasz type pointwise inequalities and it gives a simple way to dehne these 
spaces on a measurable subset of M” and on metric measure spaces. The dehnitions 
of spaces Np^^{X) and Mp q(X) as well as other dehnitions are given in Section [2l 

In the Euclidean case, and = Fp^iW^) for all 

0<p<oo, 0<g<oo, 0<s<l, where Bp^g{W^) and are Besov spaces 

and Triebel-Lizorkin spaces dehned via an L^-modulus of smoothness, see [9]. Recall 
also that the Fourier analytic approach gives the same spaces when p > n/{n + s) in 
the Besov case and when p,q > n/{n + s) in the Triebel-Lizorkin case. Hence, for 
such parameters, our results hold also for the classical Besov and Triebel-Lizorkin 
spaces. 

Our hrst main result tells that Besov functions can be approximated by Holder 
continuous functions such that the approximating function coincides with the orig¬ 
inal function outside a set of small Hausdorff type content and the Besov norm of 
the difference is small. 

Theorem 1 . 1 . Let 0 < s < 1. Let 0 < p,q < oo and 0</3<s or 0<q<p<oo 
and (3 = s. For each u G Np^^{X) and £ > 0, there is an open set H and a function 
V G Yp g(X) such that 

(1) u = V in X \fl, 

(2) V is (3-Hdlder continuous on every bounded set of X, 

(3) \\u - v\\ns^{x) < £, 

(4) < e, 

where R = 2^. 

Here h)p,glp jg Netrusov-Hausdorff content of codimension (s — (3)p, see 
Dehnition 12.51 Since the underlying measure is smaller than a constant times the 
Netrusov-Hausdorff content by Lemma [3Tl the content estimate (jl]) is stronger than 
a corresponding estimate for the measure. 

In the case of Triebel-Lizorkin spaces, the exceptional set is measured by a Haus¬ 
dorff content. 

Theorem 1 . 2 . Let 0 < p < oo. Let 0 < s < 1 and 0<q<oo or 0<s<l and 
q = oo. Let 0 < (3 < s. If u E Mf^^{X), then for any e > 0, there is an open set H 
and a function v G such that 

(1) u = V in X \fl, 

(2) V is (3-Hdlder continuous on every bounded set of X, 

(3) \\u - n||M|,(x) < 

(4) < e, 

where R = 2^. 

In the case q = oo, Hajlasz-Triebel-Lizorkin space Mf^{X) coincides with the 
Hajlasz space Recall from [11] that, for p > 1, 
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whereas for n/(n + 1) < p < 1, coincides with the Hardy-Sobolev space 

by [211 Thm 1], The following corollary of Theoreni ll.2l extends the Sobolev 
space approximation results of [12], [23], and [2D] to the case 0 < p < 1. 

Corollary 1.3. Let 0 < s < 1, 0 < p < oo, and let 0 < (d < s. If u e M^'P{X), 
then for any e > 0, there is an open set 12 and a function v G such that 

(1) u = V in X \fl, 

(2) V is (3-Hdlder continuous on every bounded set of X, 

(3) ||m — n||M=.p(A) < 

(4) < e, 

where R = 2^. 

In the proofs of approximation results, we use y-medians ml instead of integral 
averages. This enables us to handle also small parameters 0 < p, g < 1. Medians 
behave much like integral averages, but have an advantage that the function needs 
not be locally integrable. We prove several new estimates relating a function and 
its (fractional) s-gradient in terms of medians. One of these estimates is a version 
of a Poincare inequality, which says that if u is measurable and almost everywhere 
hnite and g is an s-gradient of m, then 

(1.1) inf m7 _^l(i?(a:, r)) < 2^~^^r'^m^{B{x,r)) 

for every ball B{x, r). We think that fll.ip as well as Theorem l3.6L which is a version 
of fll.ip for fractional s-gradients, are of an independent interest and not just tools 
in the proofs of our main results. 

The use of medians instead of integral averages also simplihes the proofs of certain 
estimates. For example, the pointwise estimate 

(1.2) \u{x) - UB(x,r) I < Cr* {M g^{x)Y^^ , 

where Q/{Q + s) < p < 1, requires a chaining argument and a Sobolev-Poincare 
inequality, while the corresponding estimate for medians, 

(1.3) \u{x) — m'l{B{x, ’"))!< CR {M g^{x)Y^^ , 

is almost trivial and holds for all p > 0. The advantage of medians over integral 
averages becomes even more evident when one considers estimates like fll.2l) and 
fll.3p for fractional gradients, see Remark 13.101 

The paper is organized as follows. In Section [21 we introduce the notation and the 
standard assumptions used in the paper and give the dehnitions of Hajlasz-Besov 
and Hajlasz-Triebel-Lizorkin spaces, y-medians and Netrusov-Hausdorff content. 
In Section 121 we present lemmas for contents and medians needed in the proof of the 
approximation result. Section 0] is devoted to the proofs of the approximation results. 
Theorems o and 11.21 Finally, in the Appendix, we show that spaces and 

Mf^{X) are complete. This is not proved in the earlier papers where these spaces 
are studied. 
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2. Notation and preliminaries 

In this paper, X = (X, d, /r) is a metric measure space equipped with a metric 
d and a Borel regular, doubling outer measure /i, for which the measure of every 
ball is positive and finite. The doubling property means that there exists a constant 
cd > 0, called the doubling constant, such that 

(2.1) n{B{x,2r)) < CDin{B{x,r)) 

for every ball B{x,r) = {y E X : d{y, x) < r}, where x E X and r > 0. 

We assume that X has the nonempty spheres property, that is, for every x E X 
and r > 0, the set {y E X : d{x,y) = r} is nonempty. This property is needed 
to prove Poincare type inequality 03.61) . and it also enables us to simplify certain 
pointwise estimates, see Lemma 13.91 and Remark 13.101 

Note that the nonempty spheres property implies that all annuli have positive 
measure: Let xEX,r>0, 0<e<r and let A = B{x,r) \ B{x,r — e). By the 
assumption, there is y such that d{x,y) = r — e/2. Now By = B{y,£/2) C A and 
hence pi{A) > y{By) > 0. 

By Xe, we denote the characteristic function of a set C X and by M, the 
extended real numbers [—cxo, oo]. L^{X) is the set all measurable, almost everywhere 
hnite functions w: X ^ M. In general, C is positive constant whose value is not 
necessarily the same at each occurrence. 

The integral average of a locally integrable function u over a set A of finite and 
positive measure is denoted by 



The Hardy-Littlewood maximal function of m is m : X —)■ M, 

A4u{x) = snp+ \u\dpi. 

r>ojB{x,r) 

Our important tools are median values, which have been studied and used in 
different problems of analysis for example in [7], [9], [IS], [IB], [IS], [21], [2S], [33], 
[35] and [IS] . In the theory of Besov and Triebel-Lizorkin spaces, they are extremely 
useful when 0 <p<lor 0 <g<l. 

Definition 2.1. Let 0 < 7 < 1/2. The j-median of a measurable function u over a 
set A of hnite and positive measure is 

m1{A) = inf |a G M : y{{x E A : u{x) > a}) < 'jy{A)'^, 

and the '^-median maximal function of u is M^u: X —)■ M, 

M^u{x) = sup m7dB{x, r)). 

If M G L^{A), then clearly m7{A) is hnite. Note that the parameter 7 = 1/2 gives 
the standard median value of u on A. It is denoted shortly by mu{A). 
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2.1. Hajlasz—Besov and Hajlasz—Triebel—Lizorkin spaces. There are several 
definitions for Besov and Triebel-Lizorkin spaces in metric measure spaces. We 
use the definitions given by pointwise inequalities in [22]. The motivation for these 
definitions comes from the Hajlasz-Sobolev spaces defined for s = 1 in 

[m and for fractional scales in [13]. We recall this definition below. For the other 
definitions for Besov and Triebel-Lizorkin spaces in the metric setting, see 0 . 0 . 
H, H, PI, PI and the references therein. 

Definition 2.2. Let s > 0 and let 0 < p < cxo. A nonnegative measurable function 
g is an s-gradient of a measurable function u, if 

(2.2) \u{x) -u{y)\ < d{x,yy{g{x) + g{y)) 

for aX\ x^y & X \ E, where E is a set with y{E) = 0. The Hajlasz space M^’P{X) 
consists of measurable functions u G L^{X) having an s-gradient in L^{X) and it is 
equipped with a norm (a quasinorm when 0 < p < 1) 

||m||m'>.p(x) = ||m||lp(a) + inf llfi'llLp(x), 
where the infimum is taken over all s-gradients of u. 


Definition 2.3. Let 0 < s < cxo. A sequence of nonnegative measurable functions 
{gk)k£Z is a fractional s-gradient of a measurable function m: X —)■ M, if there exists 
a set E G X with y,{E) = 0 such that 

\u{x) -u{y)\ < d{x,yy{gk{x) + gk{,y)) 

for all fc G Z and all x, p G X \ satisfying 2~^~^ < d{x,y) < 2~^. The collection 
of fractional s-gradients of u is denoted by ]D)®(m). 

For 0 < p, g < oo and a sequence {fk)k€Z of measurable functions, define 


II (•^*^)*^e®ll/9(Lp(x)) II (ll•^^ll^’’A))fcezll^9 

and 


||(M 




kJkGl^Wl^ 


LP{X)^ 


where 


IK/- 


k)k£l,\\iq 


(EiffllAI’)"''/ 

supfcezl/fcl, 


when 0 < g < oo, 
when g = oo. 


Definition 2.4. Let 0 < s < cxo and 0 < p, g < oo. The homogeneous Hajlasz-Besov 
space Xpg(X) consists of measurable functions m: X —)■ M, for which the (semi)norm 




is finite, and the (inhomogeneous) Hajlasz-Besov space is Nf ^X) nLP(X) 

equipped with the norm 


|m|U- (A) - \\u\\lp(X) + 


\U\ 


N‘Axy 
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Similarly, the homogeneous Hajlasz-Triebel-Lizorkin space consists of mea¬ 

surable functions m : X —)■ M, for which 

(X) — \\{gk)\\LP{X-,l<i) 

is hnite and the Hajlasz-Triebel-Lizorkin space ^(X) is Mp^g(X)nLP(X) equipped 
with the norm 

||m||m-^(X) = \\u\\lp{X) + IMmsjx)- 

When 0 < p < 1, the (semi)norms dehned above are actually quasi-(semi)norms, 
but for simplicity we call them, as well as other quasi-seminorms in this paper, just 
norms. 

Note that, by the Aoki-Rolewicz Theorem, i. 1311, for each quasinorm || • ||, there 
is a comparable quasinorm ||| -1|| and 0 < r < 1 such that |||m-1-v|||^ < |||m|||'’+ Ill'll IT 
for each u and v in the quasinormed space. Hence, ifO<p<lorO<g<l, the 
triangle inequality for the quasinorm does not hold but there are constants 0 < r < 1 
and c > 0 such that 

OO .. CO 

(2.3) |X«. 

i=l P’'^' ' i=l 

whenever Ui G Xpq(X). A corresponding result holds for Triebel-Lizorkin functions. 

2.2. On different definitions of Besov and Triebel-Lizorkin spaces. The 

space coincides with Triebel-Lizorkin space Fpq(M”), dehned via the Fou¬ 

rier analytic approach, when s G (0,1), p G {n/{n + s), oo) and q G {n/{n + s), cxd], 
and whenp G (n/(n+l), oo). Similarly, 

coincides with Besov space B® for s G (0,1), p G (n/(n-fs), oo) and q G (0, oo], 
see [22l Thm 1.2 and Remark 3.3]. For the dehnitions of Fp g(M’^) and Bp g(M"'), we 
refer to [TT], [12], [221 Section 3]. In the metric setting, M^’P{X) coincides with the 
Hajlasz-Triebel-Lizorkin space Mp^(X), see [22[ Prop. 2.1] for a simple proof. 

2.3. Netrusov—Hausdorff content. While studying the relation of Besov capac¬ 
ities and Hausdorff contents (sometimes called a classihcation problem), and Luzin 
type results for Besov functions, Netrusov used a modihed version of the classical 
Hausdorff content in [ST] , [32] . This content is used also for example in [T] and [H] . 
We use a slightly modihed version where, instead of summing the powers of radii of 
the balls of the covering, we sum the measures of the balls divided by a power of 
the radii. This type of modihcation is natural in doubling metric spaces since the 
dimension of the space is not necessarily constant, not even locally. 

Definition 2.5. Let 0 < d < oo, 0 < d < oo and 0 < i? < oo. The Netrusov- 
Hausdorjf content of codimension d of a set C X is 

fi{B{xj,rj)) 



NS JX) 


< WUiWxi^^X) 


nf = inf 
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where the inhmum is taken over all coverings {B{xj, rj)} of E with 0 < < i? and 

li = {j : 2 -' < rj < 2 -*+!}. 

When R = oo, the inhmum is taken over all coverings of E and the hrst sum is 
over i G Z. 


Note that if measure /i is Q-regular, which means that the measure of each ball 
B{x, r) is comparable with then is comparable with the (Q — d)-dimensional 
Netrusov-Hausdorff content dehned using the powers of radii. 

A similar modihcation of the Hausdorff content, the Hausdorff content of codi¬ 
mension d, 0 < d < oo, 


^ OO 

K(E) = inf ^ 

i=l 


fi{B{xi,ri)) 




where 0 < i? < oo, and the inhmum is taken over all coverings {B{xi,ri)} of E 
satisfying Vi < R for all i, has been used for example in the theory of BV-functions 
in metric spaces starting from [2]. When R = oo, the inhmum is taken over all 
coverings {B{xi,ri)} of E, and the corresponding Hausdoh measure of codimension 
d is 

n^{E) = hm-H^(E). 

R^O 

Note that UfiE) = Hi{E) and by i^, WjfiE) < Hi{E) if 0 > 1 and H^^E) > 
Ri{E) if 0 < 1. 


3. Lemmas 

This section contains lemmas needed in the proof of the main result and new 
Poincare type inequalities for y-medians. 

We start with an elementary inequality. If a* > 0 for all i G Z and 0 < r < 1, 
then 

(3,1) 

The following two lemmas say that sets with small Netrusov-Hausdorh content 
have also small measure and that the content satishes an Aoki-Rolewicz type esti¬ 
mate for unions even though it is not necessarily subadditive. 

Lemma 3.1. Let 0 < d,6, R < oo. There is a constant C > 0 such that 

ftiE) < cnfiE) 

for each measurable E G X. The claim holds also if d = 0,0 <9 <1 and 
0<R<oo. 

Proof. We prove only the case 0 < d, 9, R < oo, the proof for the other case is 
similar. Let {Bj} be a covering of E by balls of radii 0 < < R. Then 
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Hence 


p.(E)<CF<^[ 


i:2-i<R 


E 

jeh 


KBj) 



i/e 


by fl3.ll) when 0 < 0 < 1, and by the Holder inequality for series when 6 > 1. The 
claim follows by taking inhmum over coverings of E. □ 


Lemma 3.2. Let 0 < d < oo, 0 < 6 < oo and 0 < R < oo. Then, for all sets Ek, 
k ^ N and for r = min{l, d}, 

(3.2) nif ljE,')'' <Y^h(EO'- 

keN fceN 

Proof. Let E = Let e > 0. For every k, let Bkj, j e N, be balls with radii 

0 < r^j < R such that E^ C and 



<ni\Ekr + 2->^e, 


—k- 


where If = {j : 2 * < r^j <2 Then {Bkj : j,k ^ M} is a covering of E and so 


<(£)-<( E EE 

' v.2-i<R ^ fceN je/* 


fc ^kj 


d j 


< 


E E E 


fceN ^i:2-i<R ^ j£l^ 

< E wf +E, 




fceN 


where the second estimate comes from the fact that 

llEATezll?. ^EllATall?. 


k£N 


fceN 


for all {a^)i^z & l^, k e N. The claim follows by letting £ —)■ 0. 


□ 


The following lemma is easy to prove using the Holder inequality for series when 
6 > 1 and fl3.ll) when 0 < 6 < 1. We need it while estimating the norms of fractional 
gradients. 


Lemma 3.3 ([I5], Lemma 3.1). Let 1 < a < oo, 0 < b < oo and Ck > 0, k & X. 
There is a constant C = C{a,b) such that 

E(E“"'-’W)‘<cE4 

fcez jez jez 

Lemma 3.4. Let 0 < p,q < oo and (gk) G B{LP{X)) or let < p < oo, Q < 
q < oo and {hk) G Lp{B[X)). Then || (fi'fc) ||z9(lp(-)) and \\{hk)\\LPiiii.)) are absolutely 
continuous with respect to measure p. 
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Proof. Let e > 0. Let iL G N be such that (< £■ By the abso¬ 
lute continuity of the LP-norm, there exists 5 > 0 such that ( X]|A:|<a \\9k\\LP(A)Y^'^ ^ 
e, whenever fi{A) < 6. Hence, for such sets A 

OO 

\\{gk)\\i<i{LP{A)) = (^ ^ WakWlpf^A)) <Ce, 

/c = —OO 

from which the claim for ||(5'fc)||u(LP(-)) follows. For ||(hfc)||2,p(;5(.)), the claim follows 
by the absolute continuity of the L^-norm. □ 

The next lemma contains basic properties of y-medians. We leave the quite 
straightforward proof for the reader, who can also look at [5B] . 

Lemma 3.5. Let A <Z X be a set with fi{A) < oo. Let u,v E L^{A) and let 
0 < 7 < 1/2. The '^-median has the following properties: 

(1) If A C B and there is c> 0 such that ii{B) < cfi^A), then nfi^^A) < mZ^^{B). 

(2) If u < V almost everywhere in A, then mZ{A) < mZ{A). 

(3) //O < 7 i < 72 < 1/2, then mZf{A) < mZf{A). 

(4) mZ{A) + c = for each c e M. 

(5) |m/(H)| < m^^^{A). 

( 6 ) < mZ^‘^{A) +mZ^‘^{A). 

(7) If p > 0 and u G Lp{A), then 

(8) hmr ^.0 r)) = u{x) for almost every x E X. 

Property ([8]) above says that medians of small balls behave like integral averages of 
locally integrable functions on Lebesgue points. Recently, in [12], it was shown that 
for Hajlasz-Besov and Hajlasz-Triebel-Lizorkin functions, the limit in (]H|) exists 
outside a set of capacity zero. Note also that if u G Lp{A), p > 0, then by properties 
dH) and dHD, 

(3.3) u{x) < M^u{x) < Aiu^{x)Y^^ 

for almost aW x E X. It follows from fl3.3p and from the Hardy-Littlewood maximal 
theorem that, for every p > 0, there exists a constant C > 0 such that 

(3.4) \\M^u\\lp(^x) < C'||m||lp(j5s:) 

for every u E L^(X). More generally, fl3.3p together with the Fefferman-Stein vector 
valued maximal theorem, proved in [6], [10], [35], implies that, for every 0 < p < oo 
and 0 < g < oo, there exists a constant C > 0 such that 

(3.5) \\{M^Uk)\\Lp(x-,i<i) < C\\{uk)\\Lp{x-,i<i) 
for every [uk] E U’{X]B). 
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3.1. Poincare type inequalities for medians. The definition of the fractional s- 
gradient implies the validity of Poincare type inequalities, which can be formulated 
using integral averages or in terms of medians. The versions for medians are ex¬ 
tremely useful for functions that are not necessarily locally integrable. For integral 
versions, see [22l Lemma 2.1] and |9l Lemma 2.1]. 

Theorem 3.6. Let 0 < 7 < 1/2 and 0 < s < 00 . Let u G LP{X) and (gk) G W{u). 
There exists a constant C > 0, depending only on s and cd, such that inequality 


(3.6) mt m7^|(S(x. 2-)) < C2-“ mjf (B(i. 2-+^)) 

k=i—3 

holds for all X ^ X, i E Z. 

Proof. Let x E X and i E Z. Let y E B{x, 2“*) and let A = B{x, 2~^~^‘^)\B{x, 2“*+^). 
Let z E A. Then 2“* < d{z, y) < 2“*+^ and hence 

Hz) - u{y)\ < + g{y)), 

where 


q = max qu. 

i-Z<k<i 

By the nonempty spheres property, there is a point a such that d{a,x) = 3 ■ 2~\ 
Then B{a, 2“*) C A and the doubling property implies that — Cg,H{x, 2“*+^)). 
Using Lemma [TH we have, for c = m1{A), 

Hy)-c\ 

< C2-^^(m^^iA) + giy)) 

< C2-^^{m^J^{B{x,2-^^H + 9iy)), 

and hence 

ml_^^{B{x,2H) < C2-^^im'l/^{B{x,2-^+H+HHH‘^H)) 

< C'2-“m//^(5(a;,2-*+2)) 

i 

<C2-" 

k=i—3 

from which the claim follows. □ 


Remark 3.7. Inequalities fll.ip and fll.3p mentioned in the introduction follow by 
similar, but even easier, arguments. 


Remark 3.8. Recall that for a locally integrable function and a measurable set A 
with 0 < integral average \u — ua\ dp. is comparable with infc6K£^ \u — 

c\ dp. Using Lemma [231 h is easy to see that 


inf m 

cSK 


7 

|ii-c| 


(d) < m 


7 

\u-mZiA)\ 


(d) < 2 inf m7 dd) 


for each measurable function u and measurable set A with finite measure. 
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Lemma 3.9. Let 0 < 7 < 1/2 and 0 < s < 00 . Let u E L°(X) and {g^) E D^(m). 
Then 

( 1 ) 

c€M ' ' 

whenever Bi and B 2 are balls such that Bi C B 2 and /x(-B 2 ) ^ Ci/i(-Bi), 

(2) 

i—\ 

\u{x)-ml{B{y,2-%<C2-^^ ^ M,,cgu{x) 

k=i—2^ 

for all y E X, i Eh and for almost all x E B{y, 2“*+^), and 

(3) 

i 

\u{x)-u{y)\ < Cd{x,yy ^ (^M^/cgk{x) + M^/cgk{y)'^ 

k=i—A 

for almost all x,y E X. 

Proof. CQl: Let Bi and B 2 be as in the claim and let c G M. Using Lemma 13.51 we 
have 

\mliBi) -c\< and |m/(52) - c| < mj^_^|(52), 

from which the claim follows nsing Lemma 13.51 and ineqnality 

< \ml(B,) - c| + - c|. 

(j2]): Let x E 2“*+^) and let A = 2“*+^) \ B(y, 2“*+^). Now 

lu(x) -m2(B(y,2-y)l < \u{x) - ml{A)\ + - m/(S(i/, 2-*))|, 

and, by a similar argnment as in the proof of Theorem 13.61 

\u{x)-ml{A)\ < C2-(m//^(i?(i/,2-*+3)) +^(a;)), 

where g = maxj_ 4 <fc<j _2 S'*;. Hence, by the fact that i?(i/, 2“*'''^) C i?(x, 2“*'''^), 
Lemma 13751 and 03.31) . we have 

i-2 

\u{x) -ml{A)\ < C2"*^ ^ M^/cgk{x). 

k=i—4: 

The claim follows since, by Lemma [T5l a similar argnment as in the proof of Theorem 
13.61 and 03.3p . 

\ml{A) - ml{B{y, 2"*)) | < {B{y, 2"*)) 

1- 2 

<C2-‘ ™Jf(B(!/.2-«)) 

/c=2 —4 

2 - 2 

< ^2-“ M,/cgk{x). 
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(j3]): Let x,y E X and let i G Z be such that 2 * ^ < d{x, y) <2 h Then 

\u{x) -u{y)\ < \u{x) - ml{B{x,2-^))\ + \ml{B{x,2-^)) - ml{B{y,2-^))\ 

+ Hy)-ml{B{y,2-^))l 

and the claim follows using ([T]) and ([ 2 ]), Theorem 13.61 and fl3.3p . □ 

Remark 3.10. Lemma 13.91 ()2j) and Lemma [3.51 imply that, for every f > 0, there 
exists a constant C > 0 such that 

i—1 

(3.7) \u{x)-ml{B(y,2-'))\ < C2-“ ^ {Mgl{x)f‘ 

fc =2 —4 

for all y E X, i E Zi and for almost all x E B{y, 2~^~^^). For integral averages, only 
a weaker estimate 

OO 

(3.8) \u{x) - < C2-" 

k=i—A 

where t > Q/{Q + s) and 0 < s' < s, is known to hold. The estimate fl3.8p can be 
proven using a chaining argument and a Sobolev-Poincare type inequality from [H], 
see [m Lemma 4.2], Somewhat surprisingly, with medians, a better estimate fl3.7p 
follows by a completely elementary argument. 


The pointwise estimates of Lemma 13.121 in terms of the fractional sharp median 
maximal function are needed in the proof of the Holder continuity of the approxi¬ 
mating function in Theorem 11.11 


Definition 3.11. Let 0 < 7 < 1/2, /3 > 0, R > 0. Let u E L^{X). The (restricted, 
uncentered) fractional sharp ■y-median maximal function of u is X —)■ [0, cx)], 

u}S{x)= sup r-^mim'J,{B{y,r)), 

0<r<R,x€B{y,r) 


and the (restricted) fractional sharp'y-median maximal function Is X [0, 00 ], 

= sup r"^inf m7 ,(i?(a;,r)). 


0<r<R 


ceK 


The unrestricted versions ^-re denoted shortly by u'Jj’* and 

It follows easily from the dehnitions and Lemma 13.51 that 
(3.9) u}’*{x) < u}%{x) < 2f^ul[l°'*{x). 

Lemma 3.12. Let 0 < 7 < 1/2 and (3 > t). Let u E L^{X). 

(1) If Bi and B 2 = B{x,r) are balls such that Bi C B 2 and y{B 2 ) < Ci/i(i?i), 
then 

\ml{Bi) - ml{B2)\ < Cr^ul{f^’*{x). 

(2) If y E X and r > 0, then 

\u{x) - ml{B(y,r))\ < Cr^u^J^f{x) 
for almost all x E B{y,2r). 
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(3) Inequality 

|«(a;) - u{y)\ < Cd{x, vf 
holds for almost all x,y & X. 

Proof. Inequality ([T]) follows from Lemma 13.91 ffTl) . 

To prove ([2]), let a; be such that Lemma l|8|) holds and let c G M. Then 

|M(a;) -ml{B{y,r))\ < |M(a:) -ml{B{x,r))\ + \ml{B{x,r)) - ml{B{y,r))\, 

where, by a telescoping argument and Lemma [TO] ([I]), 

OD 

\u{x) — m1{B{x, r))| < ^ \m1{B{x, 2~^~^r)) — m1{B{x, 2~^r))\ 

j=0 

j=0 

< Cr^u'^J^^’*{x). 

Since B{y,r) C B{x,3r) with comparable measures, Lemma flB shows that 

\ml{B{x,r)) -ml{B{y,r))\ < 4:mJ^f°{B{x,3r)) < Cr^ulf;*{x), 
and the claim follows. 

For ([2]), let T, ?/ G X be such that Lemma 1231 ([H]) holds. Then 

\u{x) -u{y)\ < \u{x) - ml{B{x,d{x,y)))\ + \ml{B{x,d{x,y))) - u{y)\, 
and the claim follows using ([2]). □ 


The following Leibniz rule for a function having a fractional s-gradient and a 
bounded, compactly supported Lipschitz function has been proved in [121 Lemma 
3.10]. To prove the norm estimates of lemma below, s-gradient {g'ff)kez, 


9k 


hk, a k < ki, 

Pk, if k> ki, 


where k^ is an integer such that 2^^ ^ 


< L < 2^^, is used for uip. 


Lemma 3.13. Let 0<s<l,0<p< oo, 0 < q < oo, L > 0, and let S C X be a 
measurable set. Let u \ X ^ be a measurable function with (pk) G and let 

ip be a bounded L-Lipschitz function supported in S. Then sequences {hk)kez and 
{pk)k&'L, where 

pk = {gk\\p\\oo + L\u\)Xsupp^ and hk = (s'fc + ll^^llooXsuppv^ 

are fractional s-gradients of up. Moreover, if u E then up G and 

{WpIIn^ px) < C'||M||Ar»^(s). A similar result holds for functions in 
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4. Proof of Theorems 11.11 and 11.21 - Holder approximation 


In the proof, we use the representative m, 


(4.1) 


u{x) = limsup r)) 


for u and denote it by m. By Lemma 13751 the limit of fl4.ip exists and equals u{x), 
except on a set of zero measure. Since, by Lemma 13.121 inequality 



(4.2) 


holds for every x,y ^ X and for all 0 < /5 < 1, m is /9-Holder continuous if 

< OO. 

We will first assume that u vanishes outside a ball. The general case follows 
using a localisation argument. We will correct the function in “the bad set”, where 
the fractional sharp median maximal function is large, using a discrete convolution. 
This kind of smoothing technique is used to prove corresponding approximation 
results for Sobolev functions on metric measure spaces in m Theorem 5.3] and 
[20l Theorem 5]. Since we use medians instead of integral averages in the discrete 
convolution, the proof works also for 0 < p, g < 1. 

For the bad set, we will use a Whitney type covering from O Theorem HI.1.3], 
m Lemma 2.9]. For each open set U G X, there are balls Bi = B{xi,ri), i G N, 
where r* = dist(a:j,X \ U)/10, such that 

(1) the balls 1/5H,' are disioint, 

(2) U = 

(3) 5Bi C U for each i, 

(4) if a; G 5Bi, then Sr* < dist(a;, X \ U) < ISr*, 

(5) for each z, there is x* E X \ U such that d{xi,x*) < 15rj, and 

( 6 ) < CXu- 

Corresponding to a Whitney covering, there is a sequence ((pi)iGN of iC/rj-Lipschitz 
functions, called a partition of unity, such that suppp* C 2Bi, 0 < pi < 1, and 
^i = Xu, see for example [271 Lemma 2.16]. 

Proof of Theorem M. 1\ Let u G Np^^^X) and let {gk)k& be a fractional s-gradient of 
u such that \\{gk)\\i<i(LP{x)) < 2 \\u\\ns^^^x)- Let 0 < /3 < s. 

Step 1: Assume that u is supported in B{xo, 1) for some xo G X. 

Let 0 < 7 < 1/2 and A > 0. We will modify u in set 


Ex = {xeX ul^''^’*{x) > A}, 


where ce will be the largest constant in the fractional sharp median maximal func¬ 
tions of u below in the proof of the Holder continuity of v. We need a Whitney 
covering {Bi}i of E\ and a corresponding partition of unity (p*)*. For each Xi, let 
X* be the “closest” point in X \ 

We begin with the properties of the set E\. It follows directly from the definition 
that Ex is open. By fl3.9p . Ex C [x E X : > 2“^A}, and fl4.2p shows 

that u is /9-Holder continuous in X \ Ex ■ 
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Claim 1: There is Aq > 0 such that Ex C B{xo, 2) for each A > Aq. 

Proof. Since suppu C -B(xo, 1), by fl3.9p . it suffices to show that there is Aq > 0 such 
that 

(4.3) < Aq 

for all T G X and r > 1. If i? = B{x,r), r > 1 and r~^'mZ^^‘^^'^°\B{x,r)) = a > 0, 
then Br\B{xo, 1) 7 ^ 0 because suppn C B{xo, 1). Using Lemma 1X51 and the doubling 
property of /i, we obtain 

J \u\^ 

< f ^ ^ fi{B{xo, 1 ))~^ [ \u\^ dfi 

\ 7 Jb(xq,i) 

( \ i/p 

Pi.B{xQ,l))-^^P\\u\\Lv(^X), 

from which Claim 1 follows. □ 


Claim 2: There is a constant i? > 0, independent of u and the parameters of the 
theorem, such that —)■ 0 as A —)■ cxo. 

Proof. We will show that 

(4.4) 

where the constant C > 0 is independent of u and A. 

Let X & Ex and A > Aq. Let r > 0 and let / G Z be such that 2~^~^ < r < 2“h 
Using the doubling condition, Theorem 13.61 and Lemma 13.51 we obtain 

i 


<C2 ^],i^iB{x,2 '+2)) 


k=l—3 

I 


< C2-^^ 

k=l-3 ^ 


c. 


-lis-p) 


B(a;,2-*+2) 


gl d/i 


1/p 


which implies, by fl4.3p . that 

. 7 /C,#(^) _ u'^J^’*{x) < C sup dfl 

i>-l B{x,2-i+^) 


U 


7 


1/p 


Hence 
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By the standard 5r-covering lemma, there are disjoint balls Bj, j E N, of radii 
Tj < R with i? = 2® snch that the balls 5Bj cover Fx and 

-<-«>■< CA-” / 

JBj 

for j E R. Using the disjointness of the balls Bj, we have 

j&h 

for every i e'L, which implies that 

/ \ p/<i 

< CA-»( E Il9.lli,(x) ) ■ 

Hence the claim follows. □ 


Note that, by Claim 2 and Lemma IXTl fi{Ex) —)■ 0 as A —?• 0. 

Extension to Ex’- We dehne v, a candidate for the approximating fnnction, as a 
Whitney type extension of u to Ex, 

( A _ j it X E X \ Ex, 

~ ifxeU,, 

and select the open set (2 to be Ex for snfficiently large A > Aq. Hence property ([I]) 
of Theorem 11.11 follows from the dehnition of v and property (jl]) from Claim 3. Since 
snppn C B{xo, 1) and Ex C B{xq, 2) for A > Aq, the snpport of v is in B{xq, 2). By 
the bonnded overlap of the balls 2Bi, there is a bonnded nnmber of indices in 

h = {i\ X E 2Bi] 


for each x E Ex, and the bonnd is independent of x. 

Next we prove an estimate for |n(x) — n(a:)|, where x E Ex and x E X\ Ex i?> snch 
that d{x,x) < 2dist(a:,X \ Ex). Using the properties of the fnnctions (p*, we have 
that 


(4.5) \v{x)-v{x)\ = ^^ipi{x){u{x)-ml{2Bi)) <^\u{x) - ml{2Bi)\, 

i=l i€lx 

where, by the fact that 2Bi C B{x, Cri) and B{x, Cri) C CBi for all i E R, and by 
Lemma 13.121 

\u{x) - ml{2Bi)\ < \u(x) - ml{B{x,Cri)) \ + \ml{B{x,Cri)) - ml{2Bi)\ 

(^•6) ^ /3 7/C.#a-a 


Since dist(a;,X \ Ex), estimates fl4.5^ - 04.6p show that 

(4.7) |n(a;) — v{x) \ < c dist(a:, X \ Ex)^u^J^’*{x) < cXd{x, x)^. 


Proof of ([2]) - the Holder continuity of v: We will show that 
(4.8) |n(a;) — v{y) \ < cXd{x, y)^ for all x,y E X. 









APPROXIMATION BY HOLDER FUNCTIONS IN BESOV AND T-L SPACES 


17 


(i) x,y & X\Ex, then fl4.8p follows from fl4.2p and the dehnition of Ex. 

(ii) Let x,y E Ex and d{x, y) < M, where 

M = min{dist(a:, X \ Ex), dist(|/, X \ Ex)}. 

Let X G X\Ex and sets and ly be as above. We may assume that dist(a;, X\Ex) < 
dist(?/, X \ Ex). Then 

dist(|/, X \ Ex) < d{x, y) + dist(a:, X \ Ex) < 2 dist(a;, X \ Ex), 

and hence is comparable to M for all i E IxU ly. 

By the properties of the functions (pi, we have 

OO 

|T(a;) - v{y) I = | M^) - Pi{y)) {u{x) - ml{2Bi)) 

i=l 

<cd{x,y) rr^\u{x) - ml{2Bi)\. 

Hence, using a similar argument as for fl4.6p . the fact that there are a bounded 
number of indices in U ly, and the assumption M > d{x, y), we obtain 

|n(a;) — v{y)\ < cd{x,y) ^ r^~^uY’*{^) < cd{x,y)^X. 

(iii) Let x,y E Ex and d[x, y) > M. Let x,y E X\Ex be as above. Using inequalities 
dUZP and (112]), we have 

\v{x) — v{y)\ = \v{x) — r;(a;)| + |r;(a;) — v{y)\ + \v{y) — v{y)\ 

< c\{d{x, x)^ + d{x, y)^ + d{y, y)^) < cXd{x, y)^. 

(iv) Let X E Ex and y E X \ Ex. Then, by fl4.7p and fl4.2p . 

|n(a;) — v{y) \ = |n(a;) — n(a;) | + \u{x) — u{y) \ < cXd{x, y)^. 

The Holder continuity of v with estimate fl4.8p follows from the four cases above. 
Now we select ce in the dehnition of Ex to be the maximum of the constants C in 
A/U’s in the fractional median maximal functions in the proof above and fl4.2p . 

Proof of dH) - a fractional s-gradient for v: 

Lemma 4.1. There is a constant C > 0 such that {Cgk)kez, where 

(4.9) Qk = sup gj 

jez 

and 6 = min{s, 1 — s}, is a fractional s-gradient of v. 

Proof. Since every fractional s-gradient of m is a fractional s-gradient of |m|, we may 
assume that m > 0. 

Let fc e Z and let x,y E X such that 2~^~^ < d{x, y) < 2~^. We will show that 

(4.10) |r;(T)-n(|/)| < Cd{x,yy{gk{x) + gk{y)), 

where constant C > 0 is independent of k. For each x E Ex, let set Ix be as earlier. 
We consider the following four cases: 
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Case 1: Since < gk almost everywhere on X \ we have, for almost every 
x,y e X\Ex, 


v{x) -v{y)\ = \u{x) -u{y)\ < d{x,yy{gk{x) + gk{y))- 


Case 2: x E X \ E\ and y G E\. Let R = d(y,X \ E\) and let I be such that 
2-^-1 <R<2-K Then we have 


n(a;) - v{y)\ = \u{x) -v{y)\ = ^'^(pi{y){u{x) - ml{2Bi)) 

i=l 

< C\u{x) - u{y)\ + \u{y) - ml{2Bi)\, 

i£ly 


where the desired estimate for the first term follows as in Case 1. For the second 
term, using the properties of the functions (pi, the fact that 2Bi C B{y,R) with 
comparable radius for all i E ly, the doubling property. Lemma 13.91 Theorem 13.61 
and the facts that there are bounded number of indices in ly and k < I, we obtain 
(4.11) 

E !“(!') - <(2B.)I < E - <Wy,R))\ + \ml(B{y,R)) - ml(2B,)\) 

I 

< C2-“ E 

j = l-4: 
j>k 

< Cd{x,yygk{y). 


Hence inequality fld.lUp follows in this case. 
Case 3: x,y E Ex, d{x,y) < M, where 


M = min|dist(x, X \ Ex), dist(i/, X \ Ex)}. 


We may assume that dist(a:,X \ Ex) < dist(?/,X \ Ex). Then dist(i/,X \ Ex) < 
2 dist(a:, X \ Ex), Vi is comparable to M and 2Bi C B{x, 4M) for all i E ly. 

Let I be such that 2~^~^ < AM < 2~K Using the doubling condition, the properties 
of the functions (pi, the fact that there are bounded number of indices in RUly and 
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Lemma [3.91 and Theorem 13.61 we have 

OO 

|t;(a;) - v{y) | < ^ |V7i(T) - v?i(l/)) I \ml{2Bi) - 2-')) | 

i=l 

<Cd{x,y) -ml{B{x,2-^))\ 

I 

<Cd{x,y) T‘2'" E 

ielxUly j = l-3 

I 

< Cd{x,y)M-^2-'’^ Y M^/c9j{x), 

3=1-3 

where, since M Ri 2“* and d{x,y) < 2“^, 

d{x,y)M-^2-^^ < Cd{x,yyd{x,yY-^2^^^-^^ < Cd{x,yy 

Hence 

|n(a;) - v{y)\ < Cd{x,yy M^/c gj{x) 

j<k 

< Cd{x,yygkix), 

which implies the claim in this case. 

Case 4: x,j/ G Ex, d{x,y) > M. Now 

|r;(a;) - n(?/)| < Y l“(^) “ + Y “ u{y)\, 

and the claim follows using the properties of the functions (pi, similar estimates for 
\u{x)—m1{2Bi) \ and |M(y)—m2(2i?j)| as in fl4.1ip . and the fact that r* is comparable 
to dist(a;, X \ Ex) for all i E Ix (and similarly for ly). □ 

Proof of ([3]) - u G iVpq and approximation in norm: 

Lemma 4.2. \\ih)\\iHLp{x)) < C||(5'fc)||u(Lp(A))- 

Proof. By fl3.4p . 

WhWlfx, < E2’'''‘"'’IIVvc9jr„,A-, < cE2-''-‘'''’ll»llt.(x)- 

j£Z j& 

Hence, by Lemma [3.31 we obtain 

E II9‘IIL(x) < cE (E2 "''^‘’''’’II»II^(x))’"' < cE llftllL(x). 

fcGZ fcGZ jez jGZ 


which gives the claim. 


□ 
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By the properties of the Whitney covering and Lemma 13.51 we have 

OO 

< C^^pi{x)M^ic{uXEy){x) 

i=l i£lx 

< CM-y/c{uXEj{x) 

for each x G Ex, and, by the boundedness of M^/c on L^, that 

(4.12) II'^IIlp(X) — \\'^\\^LP{X\Ex) + ^II^7/C'('W^Ba)|Ilp(x) — ^II'^IIz,p(V) • 

Since n = m in X \ we have that 

\\u - v\\lp{X) = \\u - v\\lp{Ex)^ 

which tends to 0 as A —>■ cx) because n{Ex) —)■ 0 as A —>■ oo. Hence n ^ m in Lp{X). 
Claim: Sequence {h^)k&i where 

hi = gkX-Ex: 

is a fractional s-gradient oi u — v and \\{hl)\\iq(^EP{x)) ^ 0 as A —)• oo. 

Proof. We have to show that inequality 

(4.13) \{u-v){x) - {u-v){y)\ < Cd{x,yy{hl{x) + hl{y)) 

holds outside a set of measure zero whenever 2~^~^ < d{x, y) < 2~^. 

li x,y ^ X \ Ex, then u — v = 0 and fl4.13p holds. If x,y ^ Ex, then inequality 
(14.13p holds because (gk) is a fractional s-gradient of u, (gk) is a fractional s-gradient 
of V and gk ^ gk almost everywhere. 

If X G and y e X \ Ex, then {u — v){y) = 0 and hl{y) = 0 for all k. Let 
R = d{x, X \ Ex) and let I be such that 2“^“^ < R < 2~K Then I > k. Using similar 
arguments as earlier in the proof and the properties of the functions (pi, the fact 
that 2Bi C B{x,R) with comparable radius for all i G R, the doubling property, 
Lemma [3.91 and Theorem 13.61 we have 

|(m - n)(x)| < ^ \u{x) - ml{2Bi)\ 

< Y, (\u(x)-ml(B{x,R))\ + \ml(B(x,K))-ml(2Bi)\) 

I 

< C2-“ Y M,icgi(x) 

j=l-A 

< Cd{x,y)^gk{x). 

Hence {hi) G D®(m — v). Since y{Ex) —?• 0 as A —)■ oo. Lemma [231 implies that 
\\{hl)\\i<i{Lp{x)) —)■ 0 as A —)■ 0. □ 

We conclude that v ^ u in Ny^{X). 

Step 2: General case. 
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Let £ > 0. By the 5r-covering theorem, there is a covering of X by balls B{aj, 1/2), 
j G N, such that balls B{aj, 1/10) are disjoint and the balls B{aj,2) have bounded 
overlap. Let Bj = B{aj, 1), j G M, and let {'ipj) be a partition of unity such that 
Xljli = 1) s^'Ch tfjj is L-Lipschitz, 0 < V’j < 1, and supp V’j C Bj for all j G N. 
Let Uj = u'lpj. Then 

OO 

(4.14) u{x) = ^Uj{x), 

j=i 


and the sum is hnite for all x G X. Lemma [3.131 shows that Uj G Np^{X) for each 
i and {gj,k)k&, where 


9j,k 


[gk + 2^^+2|m|)Xb, if A; < 

{gk + if A; > A;^, 


and ki is an integer such that 2^^“^ < L < 2^^, is a fractional s-gradient of Uj. 

Since suppwj C Bj, the hrst step of the proof shows there are functions Vj G 
Xp q(X) and open sets flj C 2Bj such that 

(i) Vj = Uj in X \ Qj, suppuj C 2Bj, 

(ii) Vj G Xp q(X) is /9-Holder continuous, 

(hi) \\uj - VjllNs^^^x) < 2-%, 

(iv) < 2~^/^e, where r = min{l,g/p}. 

(v) {gj^k)kez is a fractional s-gradient of Vj. 

We dehne H and show that function v = '^j ^as properties ([I])-(ll]) 

of Theorem o The hrst property follows from (i) and 04.141) . The Netrusov- 
Hausdorff content estimate follows from (iv) and Lemma 13.21 By 04.Sp . \vj{x) — 
Vjiy)] < C\jd{x,yY for all x, y G X. Since, by the proof above, the constant \j 
depends on £ and on j, the Holder continuity of the functions Vj and the fact that 
suppxj C 2Bj give Holder continuity of v only in bounded subsets of X. By (iii), 
we have 


(4.15) 


OO 


X] 11% - < 

i=i 



that is, the series “ %) convergences absolutely, and hence converges in 

the quasi-Banach space Xp q(X). Since u = % i® i'^ ^p,qi^)y also 

converges in Xpg(X). Moreover, by fl4.15p and fl2.3p . we obtain 


\u — V 




cE 

i=i 


%■ I 


N‘ 


(V) 


< ce 


□ 


Proof of Theorem M.2[ The proof for a Triebel-Lizorkin function u G Mf^{X) re¬ 
quires only small modihcations. To obtain the desired Hausdorff content estimate. 
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a counterpart of Claim 2 of the Besov case, let {gk)kez ^ n Then 

g = belongs to L^(X) and is an s-gradient of u. It follows that 

h;A C (a: e X : C sup (I g^ djj) > A1 = F^. 

I i>-6 '^as(x,2-p ' J 

Hence, using a standard argument, we obtain that < X~^\\g\\^j^p(^j^y 

Moreover, Lemma 14.21 is replaced by the estimate 

(4-16) \\{h)\\LP{x-,ii) < C\\{gk)\\LP{x-,i9)- 

SincG 

J2pt< <CY^{M-,ic3i)\ 

k£Z k£Z jez jez 

when q < oo, and sup^gg^fc < C gk, estimate fl4.16p follows from fl3.5p . 

Finally, when s = 1, we use Leibniz rule m Lemma 5.20] instead of Lemma 

EH □ 


5. Appendix 

The fact that Hajlasz-Besov and Hajlasz-Triebel-Lizorkin spaces are complete 
(Banach spaces when p,q > 1 and quasi-Banach spaces otherwise) has not been 
proved in earlier papers. 

Theorem 5.1. The spaces Xpg(X) and Mpg(X) are complete for all 0 < s < oo, 
0 < p,q < oo. 

Proof. We prove the Besov case, the proof for Triebel-Lizorkin spaces is similar. 
Let {ui)i be a Cauchy sequence in Xp g(X). Since U’{X) is complete, there exists a 
function u G Lp{X) such that Uj —)■ u in L^(X) as i ^ cxd. We will show that {ui)i 
converges to u in Nf^^{X). 

We may assume (by taking a subsequence) that 

||-Ui+l - Ui\\Ns,j{X) < 

for alH G N and that Ui{x) —)■ u{x) as i —)■ oo for almost all x G X. Hence, for each 
z G N, there exists {gi^kfk £ F{L^{X)) and a set Ei of zero measure such that 

\{ui+i -Ui){x) - {Ui+i -Ui){y)\ < d{x,yy{gykix) + gi,kiy)) 

for all x,y e X\Ei satisfying 2~^~^ < d{x,y) < 2~^, and that \\{gi,k)\\iyLP{x)) < 2"*. 
This implies that 

OO OO 

\{ui+k - Ui){x) - {Ui+k - Ui){y)\ < d{x,yy(j^gyk{x) + '^gj,k{y)^ 

j=i j=i 

for all i,k > 1 for almost all x, i/ G X. This together with the pointwise convergence 
shows that, letting /c —)■ oo, we have 

OO OO 

\{u-Ui){x) - {u-Ui){y)\ < d{x,yy(^'^gykix) + J]]^yfc(l/))• 

j=i j=i 
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Hence u — Ui has a fractional s-gradient {Yl^i9j,k)k- 

When p,q > 1, we have \\{Ylf=i9j,k)k\\ii(Lp(x)) < 2"*+h If 0 < niin{p, g} < 1, 
then, by fl2.3p . there is 0 < r < 1 such that 

OO OO 

\\i9j,k)k\\lq(LP{X)) — 

j=i j=i 

Hence, in both cases, u — Ui E Np^^{X) and Uj —)■ m in Np^^{X). Thus u G iVp q(X) 
and the claim follows. □ 
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